The presented method provides for a possibility to perform graph-based indoor localization, by comparing the topological structure embedded in a mesh model to the topological structure of a semantically rich reference model, specifically a BIM. However different in nature and structure, both input sources can be converted to a graph of similar calibre, such that they can be tested for a match. After a match between both graphs is found, the current position of the actor within the mesh model can be translated to the room found in the graph. This room is now connected to a room within the reference graph, for which the semantics are stored in the BIM. Returning these to the actor, a location description can be formed.
INTRODUCTION
Indoor localization is a widely researched subject (Xiao et al., 2016 , Yassin et al., 2016 , Zafari et al., 2017 , as the complexity and size of many public buildings require extensive and properly designed methods to facilitate location specific processes (Mautz, 2012 , Lemmens, 2013 , Zlatanova et al., 2014 . The methods created for such services outdoor cannot be translated directly, new definitions of each component need to be defined (Mautz, 2012) . A proper localization process requires positioning into a semantically rich model of the physical environment, or the simultaneous generation of both (Fuentes-Pacheco et al., 2012 , Lemmens, 2013 . In other words, the context of an indoor environment has to be understood, such that a position can be transcended to a meaningful location.
The target user for such a process would be any actor executing any type of task inside a public building, thus an indoor localization system should be made easily attainable to anyone. As the use of smartphones is widespread, the capabilities of such devices lend themselves for outdoor localization as well, and many Location Based Systems (LBS) are specifically aimed at smartphones, ideally such a system would be designed in order to function on a mobile device.
Thus, a mobile indoor positioning system should be applied, along with the availability of a contextual 3D building model to position the actor in, so that the combined information defines the actors location. An autonomously operating process deemed sufficient for indoor positioning is Simultaneous Localization and Mapping (SLAM), especially when based on the integration of several different sensors (Fuentes-Pacheco et al., 2012 , Zafari et al., 2017 . If an actor's position can be integrated into a contextual map of indoor space, the location can be determined. Such a map should be comprised of geometry, topology and semantics (Isikdag et al., 2013) . The geometry then represents the physical boundaries of indoor space, while the topology describes the connectedness and nearness of the elements that form these boundaries. Semantics contain a functional description of indoor space and its boundaries, which functions as a context that can transcend a position into a location.
An autonomous SLAM process can output a polygonal mesh created on-the-fly as a model of indoor space, containing its geometry and topology. The output model is used as a map in which an actor can be positioned. Semantics describing building geometry and topology are generally stored in a Building Information Model (BIM). The placement of a real-time position of the actor operating the hand-held device into the semantically rich map would generate an indoor location.
The aim of the presented method is to develop a method to teach a mobile device to understand its surroundings. This is to be reached by capturing the context and all of its relevant meaning, in order to transcend data to information. As the relevance of information is application dependent (Afyouni et al., 2012) , it should be grouped and retrievable by a single marker, i.e. to find a location would be to find the an ID connected to information about the room an actor is in. Therefore, an established standard should be used to store contextual information, so that each application can be type-focused and be built upon the same principles. Then, the accessibility of contextual information while on location enables a wide range of possible applications. The main objective on a data level would then be to generate this single marker as a representation of the connection between an indoor environment and an information source describing its context. A method to perform this process is proposed, which is built on best practices and underlying principles, taken from an interdisciplinary viewpoint. See Figure 1 for an overview of the explored research fields. Figure 1 . Euler diagram of fields that apply to the theoretical framework underlying the presented method.
TERMINOLOGY
In order to integrate theory from varying research fields, an alignment in terminology is necessary. Thus a concise definition of indoor space is needed, in order to transcend a geometrically defined position to a human interpretable location. Intuitively, we may perceive space as what cannot be seen or touched, as what is left when every other instance around is defined. The term space has become an abstraction of everything outside of the boundaries of everything else. In mathematics and philosophy, space has become what defines the boundaries of everything embedded within. A definition more fitting to this description would be an "expanse in which everything is located" (Wolfram-Alpha, 2019), or even "that, which results from places taken together" (Leibniz et al., 2000) . Thus, a space represents a structure, often a set with relational properties, to which all its members adhere. The characteristics of a type of space provide the context in which objects can be examined and represented (Huisman , de By, 2009 , Marel, 2016 , i.e. providing a type of grid on which embedded elements can be represented. Two specifically interesting classes of mathematical space are topological and metric space.
Topological Space
Topology describes the relationships between (parts of) objects, that do not change under continuous deformation (Huisman , de By, 2009) . As these relations are intrinsic, and thus invariant of ambient space, topology studies the construction of an object, rather than its shape. It can be used to "abstract the inherent connectivity of objects while ignoring their detailed form" (Weisstein, 2019c) . A Topological Space is devoid of geometric structure, so that the relations and characteristics of objects can be examined qualitatively. The topology T on set X then defines topological space (X, T ). A Manifold can be seen as a topological space, which locally resembles Euclidean space (Edelsbrunner , Harer, 2010 , Rowland, 2019 . The topology of a set can be simplified to a graph structure G, embedded in a Network Space that defines the topological connectedness between its members using an unordered set of node pairs or links. A Graph G = (N , L) is a set of nodes pairwise connected by links which abstractly represent the connectivity between elements (Nourian, 2018 , Cromley, 1989 , Worboys , Duckham, 2004 . The dual G * of a graph can be constructed by translating k-dimensional features to n − k-dimensional features in R n (Nourian, 2016 , Weisstein, 2019a .
Metric Space
Metric Space is "a set with a global distance function, that for every two of the set's points gives the distance between them as non-negative real number" (Weisstein, 2019b) , or the structure in which distances between all members can be defined (Worboys , Duckham, 2004) . A metric, as ordered pair (S, d) can be imposed on a set S of arbitrary type, by defining how a shortest distance d between two members can be calculated. A structure is a complete metric when this shortest distance between two points is defined by a straight line, i.e. d(s, t) = |t − s|, s, t ∈ R n . Metric space has a natural topology based on the notion of proximity, as for each point a set of nearest neighbours can be found based on distance, and such a neighbourhood forms an open set (Munch, 2017 , Worboys , Duckham, 2004 . The complete metric set of which all members are directly related in terms of distance and angle, is called the Euclidean Space E n (Worboys , Duckham, 2004) . It contains all n-tuples of real numbers (Stover , Weisstein, 2019) and provides for an intuitive abstraction of physical space without a specific origin. It defines the structure of the real vector space R n of the same dimension.
Indoor Space
Often, a space is defined in terms of either place, boundaries, or function. A place may be a geographic space that has a potion on the face of the earth (Huisman , de By, 2009 ). Furthermore, a place "is that, which is the same in different moments to different existent things" (Leibniz et al., 2000) . In the OGC CityGML standard, indoor space is inside one or multiple buildings, bounded by architectural components (Lee et al., 2016) . The IFC BIM standard (ISO 16739) mentions enclosure of an area, as well as the fact that a specific human activity can be executed in a space. This space is bounded either by a functional transition, or a geometrical border. However, mathematically speaking, a space dictates the type of properties elements embedded within may have. A single type of space representation does not exclude the possibility of mapping an object into another. The physical world may then be represented in several dimensions of ambient space, as to capture its complexity (Ekholm , Fridqvist, 2000 , Zlatanova et al., 2014 .
Pure positioning entails finding a point or area occupied by a physical object or person (Mautz, 2012 , Groves, 2013 , Sithole , Zlatanova, 2016 . This term is most used as to find a position p = (X, Y, Z) T ∈ R 3 , relative to the systems' origin. Contrasting to the quantitative position, a location entails finding a qualitative description of the occupied area. Providing semantic context for a position would then allow an actor to find a location with a specific meaning, or to perform localization. It requires topological correctness of sensors used to determine the underlying position, and precise accuracy of is generally of less importance (Mautz, 2012) . Based on either position or location, an actor can execute navigation, as determining heading and velocity of the current trajectory, and being guided along an optimal path to the destination (Mautz, 2012 , Groves, 2013 , Sithole , Zlatanova, 2016 . A full representation of indoor space would allow an actor to execute activities as positioning, localization and navigation, which would require geometric, topological and semantic information (Isikdag et al., 2013) . The complex indoor space can thus be modelled threefold: the geometric place can be modelled in Euclidean space, with positions (X, Y, Z) T ∈ R 3 , as the formal representation of an object (Worboys , Duckham, 2004) . The connectivity and boundaries can be modelled in topological space as a primal 2-manifold surface S and its dual graph G * . The function of each object can be modelled in semantic space, as a set of characteristics defining context and facilitation of human activity. As such, indoor space can be occupied by elements, compliant to the rules of the structure.
METHODOLOGY
Performing indoor localization on a mobile device is interpreted as a data matching problem, where a mesh of an indoor environment is compared to a reference model. This is done by extracting a graph from both input sources, and comparing these to form a match (Figure 3) . First, the input sources are analysed. Then follows the extraction of topological graphs from both geometric models. As both input models are based on different data types derived from different interpretations of indoor space, both require a different method for extracting the graph. In both cases, the resulting graph represents a network of rooms, of which the intrinsic properties are analysed by computing the spectral map. Thus the analysed geographic indoor location, represented in a geometric model, is further abstracted to a topological, then graph and then spectral model . The input mesh is captured using Visual-Inertial SLAM (VI-SLAM), an autonomously operating positioning system, reliable due to the integration of various sensors (Fuentes-Pacheco et al., 2012 , Groves, 2013 . The use of cameras integrated into a mobile device furthermore makes VI-SLAM attainable, affordable, portable, low on power consumption, and intuitively appealing (Riisgaard , Blas, 2003) . Developed in the field of mobile robotics, the SLAM process tracks a position x k ∈ R 3 relative to former positions, the heading v k chosen from each position, and the relative position mi of each landmark in sight (Bailey , Durrant-Whyte, 2006) . These landmarks, as sharp edges and corners in the environment, are captured frame by frame, and stitched together into a viewshed along the traversed trajectory. Thus, rather than localization, SLAM executes simultaneous positioning and mapping. The input BIM model is built according to IFC standards, and assumed to contain standard case geometry, and sufficient functional attribution. For the purposes of testing a matching method, both models contain the same amount of rooms, though in real adaptation the BIM would contain a full building (level) of which a part would be matched with the graph extracted from the mesh.
Graph Extraction from Mesh
The remapping of mesh M(F, V) into graph G(N , L) requires first extracting the dual graph, after which it is simplified to a graph representing rooms.
The dual graph is constructed based on face to face adjacency, as extracted from the .obj file structure the input mesh is stored in (Figure 4) . Then, each primal face normal is computed assigned to its dual node. This attribute is used in a connected components algorithm, where two nodes are accepted into the same region if the dot product similarity of both face normals does not fall below a set threshold. The connected components algorithm performs a depth first search through all nodes stored in G, and returns regions representing similarly oriented partitions of the input mesh. Region size is used to filter out clutter. Furthermore, only the largest horizontally oriented surface is kept, as floor partition. This is tested using the dot product similarity to unit vectork = (0, 0, 1)
T . The result is a classification of G into a floor region and several wall regions. In order to analyse the intrinsic properties of G, its spectral map is computed. This is based on the graph Laplacian, constructed as:
where Li,j = Laplacian operator over node pairs (i, j) ∈ G di = degree of node i L = set of links (i, j) ∈ G Its spectrum of eigenvalues 0 = λ1 ≤ λ2 ≤ · · · ≤ λn allow for a simplification as Lx = λx, corresponding with eigenvectors x1, . . . , xn. The number of eigenvalues which return λi = 0 corresponds with the number of connected components in the graph. Furthermore, the second smallest eigenvalue (λ2) provides for a particularly interesting interpretation of a graph. The graph is only connected if λ2 ≥ 0, and the further from zero, the stronger the graph is connected. Its corresponding eigenvector x2, the Fiedler vector, gives information about connectivity (Chung, 1996 , Spielman, 2007 , Luxburg, 2007 . The sign of its values may be interpreted as a division of the data into parts according to its sparsest cut, or the cut for which the least edges are broken. Such a cut can be stated as:
where si,j = similarity between pair of nodes (i, j) ∈ G (A, B) = disjoint sets of nodes N resulting from the cut A threshold t can always be found such that the set of edges in a cluster S = {i : x2 ≤ t} is most optimally connected. A common solution is to find the median cut as n lef t < 0 < n right , meaning to find the largest gap between values of x2 within the graph (Spielman, 2007) . The result for such a cut in the test data set is visualized in Figure 5 . A clustering algorithm can be constructed which optimizes the cuts to be made, in order to divide a graph into clusters (Luxburg, 2007) . Figure 5 . Median cut in G based on its eigenspectrum.
Alternatively to using Fiedler cuts to divide a graph, the spectral properties can be used as a basis for clustering. When mapping all nodes into a spectral embedding, the new coordinates imply clusters based not only on nearness of the faces all nodes represent, but also the connectivity between them. A spectral embedding of a graph can be given by assigning eigenvectors as coordinate scalers to node i, e.g. placing it at point (x2(i), x3(i)). The eigenvectors are used to draw an almost always planar embedding, uniquely representing the underlying structure of the graph (Nourian, 2016 , Spielman, 2007 , Luxburg, 2007 . A spectral and dual embedding of G can be found in Figure 6 . Both visual representations prove an implicit occurrence of three or four clusters within the test data, of which the two rooms on the left are most strongly disconnected from the rest of the model.
The coordinates x of the spectral embedding of G can be used as input for a spectral clustering algorithm, where the coordinates are treated as nodes, for which a nearest neighbour graph is constructed (Pedregosa et al., 2011) . Based on normalized graph cuts, an input is created for a k-means algorithm which assigns each data point with a cluster index. Using the eigenspectrum of this nearest neighbour graph, the number of k clusters is automatically determined. A large advantage of this algorithm is that it is suitable for non-convex clusters. Figure 7 shows the output of this algorithm, where each determined cluster grouped by colour, and remapped into the dual embedding of G. 
Graph Extraction from BIM
The remapping of the reference BIM into graph H(N , L) requires first extracting room representations, after which a graph can be formed.
A room in a BIM model is inherently stored as an ifcSpace. A BIM space is defined as "an area or volume bounded actually or theoretically. Spaces [..] provide for certain functions within a building." (BuildingSMART, 2016) . The composition of an ifcSpace is defined by its storey and placement, and defines elements within it. As such, it can be used to determine the distinction as well as the connection between rooms. A navigable graph model can be extracted by handling each ifcSpace as node (Diakité , Zlatanova, 2016) . A wall, as a basic building element which can bound a partition of indoor space, is stored as ifcWall. In its standard case it is stored as a (poly)curve c built by Points pi = (x, y) T ∈ R 2 describing the general footprint of the element, and an extrusion depth d. Thus, an ifcWall is stored as a solid S(c, d). The coordinates are defined relative to object an origin
and set on a reference plane. The coordinates of the origin are relative to the full model. Each ifcSpace entity may be connected with its bounding walls by relative placement. Thus, for each ifcSpace a set of ifcWall objects may be extracted. If the same wall is related to more than one ifcSpace, it should be duplicated. Furthermore, the amount of ifcDoor elements embedded into the walls around an ifcSpace represent the number of links that should be laid from a single ifcSpace to one or more other ifcSpace elements. Walls bounding the same room are related by the Path Connectivity element, which is used to ensure a single material or profile definition. Thus it can be used to group walls per room. It can be applied to check if rooms assigned to spaces in the previous step are correct and complete. If after these steps any of the walls is unassigned, the coordinates embedded in the ifcWall elements may be used to find their placement. Graph H (Figure 10 ) is now constructed by translating each ifcSpace to a node, and connecting it with a new node for each adjoining ifcWall. A conceptual representation of H can be found in Figure 11 . 
Spectral Graph Matching
Aside from embedding and clustering, spectral properties are further used to find a match between G and H. Graph matching entails finding correspondence between two given graphs, where the underlying structures are at least highly similar (Conte et al., 2004 ). Theoretically, G and H should be isomorphic, as the represent the same indoor environment. However, due to differences in interpretation of indoor space, the resulting models are slightly different (compare Figures 8  and 10 ). The option remaining would then be to construct an inexact matching process. To further explore the application of spectral graph properties, its embedding is used as input for a method which can match co-spectral graphs, even if the number of nodes in both graphs is different. Here, clusters of nodes are compared within an embedding of all nodes into a vector subspace (Kosinov , Caelli, 2002) . This re-embedding is based on the eigenspectrum of the data covariance matrix Σ as Σ = UΛU T . By using the matrix of eigenvectors U, the projection of data point x can be constructed using:
wherex = coordinates in vector sub space U T k = transposed matrix of first k eigenvectors x = coordinates of spectral embedding To be come a useful operator, U it has to be decreased to the use of the first k eigenvectors. Of these first k eigenvectors, only the first few dimensions are meaningful, corresponding to the dimensionality of x. In the described case, each data point x represents a 2D coordinate of a node in the spectral embedding of the graph (Figure 6 left) . The new embeddingx can be used as a basis for another clustering algorithm (Figure 12) . If the nodes in the same cluster are similar enough to pass as a match, it is accepted. This can be tested based on certain attributes of the nodes, e.g. the coordinates in the original graph or the spectral values. 
LOCALIZATION PROCESS
After a match between mesh graph G and reference graph H is found, its characteristics can be used as a basis for localization. In the mesh model, the actor capturing the indoor environment has a current position. As it is situated in the local coordinate system the mesh is stored in, this position can be connected to the closest room found in G. The nodes of this room in G are connected to the same room in H through the matching process. These are attributed with a marker, e.g. an id, which refers to a set of semantics describing the characteristics of this room. Returning these to the actor, a location description is formed.
Discussion
A factor strongly influencing the possibility of using purely structural graphs as a basis for indoor localization, is the interpretation of indoor space lying at the basis of the model. G was formed based on a VI-SLAM process, in which a sufficient description of an environment is a geometrically and topologically structured viewshed of an already traversed trajectory. A set of connected points describes a surface bounding navigable space. As such, G (Figure 9 ) shows nodes for each surface partition encountered while traversing through the environment. H was formed based on a BIM, in which a sufficient description of an environment entails the geometric definition of bounding solids, preferably enriched with context defining semantics. Without additional interpretation, H would contain a minimal amount of nodes. However, nodes representing walls are repeated when connected to several ifcSpace elements, to mimic the results of G (Figure 11) . A difference still occurs around doors: each surface partition next to a door is turned into a node, where there would be a single ifcWall in the BIM. However different in nature and structure, both input sources can be converted to a graph of similar calibre, such that they can be tested for a match. However, before such a match can be made, a number of rooms must have been visited, in order to retrieve a meaning full graph. Thus, initializing the proposed process would entail extensive traversal through an unknown building, which would not be an ideal situation for indoor localization. Alternatively, the process could be initialized by providing an actor with a marker representing the hallway or room to start from, as well as its structure relative to the two closest partitions of indoor space to be defined. Nonetheless, the topological structure underlying a mesh model captured using a mobile device is strongly similar to the topological structure that can be extracted from a BIM model representing the same indoor environment. However, neither a boundary mesh nor a volumetric BIM can fully capture the knowledge of indoor space and its topological relations (Khoshelham , Díaz-Vilariño, 2014) . A culmination of different dimensionalities is necessary in order to fully represent the meaning of an indoor space (Sithole , Zlatanova, 2016 , Zlatanova et al., 2014 . One of the goals for the proposed method was to let go of the purely geometrical approach often applied in indoor localization methods, and utilizing another type of descriptor of the indoor space. This structural approach proves the amount of intrinsic characteristics of indoor space to be found in a good representation, while exemplifying its sole adaptation would not prove sufficient.
CONCLUSIONS
The proposed method provides for a possibility to perform graph-based indoor localization, using a mesh model created using SLAM on a mobile device and a reference BIM. The inherent organization of such a model has a great influence on how a representation of indoor space can be built, and on how it relates to the physical world. Understanding these implications by mathematically defining the type of models at hand, can aid in understanding how encountered problems can be solved. Thus, an indoor space is redefined here as a structure defining the representation of its embedded objects, such that mathematical processes can be applied to form a humanly understandable description of environments embedded into indoor space. Its aspects are defined as follows:
• Geometry -The place an actor is in
• Topology -The structure of the place the actor is in
• Semantics -The meaning of the place the actor is in.
Indoor localization then entails positioning an actor into a meaningful context. As such, the spectral analysis of the topology of indoor space allows for correct semantic assignment to indoor positions, so that an understanding of indoor space can be reached.
